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I. INTRODUCTION 
In the 195Os, Bellman and Krein [l, 61, independently derived formulas 
for the variation of the resolvent kernel of a one-dimensional integral operator 
as a function of the end point of the interval. This formula and others related 
to it have formed the basis of invariant imbedding numerical methods for 
solving Fredholm integral equations of the second kind [2, 31. Related to this 
method has been the development of techniques for computing the spectral 
properties of integral operators by the use of initial value methods [3, 41. 
Recently the author has investigated, in some detail, alternate imbeddings 
of integral operators in order to use Cauchy problem methods to obtain 
spectral properties numerically [4]. In this work, formulas were derived for the 
variation of Fredholm’s determinants as a function of a parameter. Functional 
analytic techniques were used to obtain some of these formulas. In this paper, 
we apply these same techniques to obtain variational formulas which general- 
ize the Bellman-Krein result for the variation of the resolvent kernel. In 
particular, we will present a derivation of the Bellman-Krein formula which 
appears to be new. 
II. NOTATION 
We will use the results of the FrCchet calculus as presented in [B]. Deriva- 
tives will be denoted by subscripts. If X is a Banach Space, L(X), will denote 
its space of bounded linear operators. 
III. THE BELLMAN-KREIN FORMULA 
Let K(t, 7) be a continuous kernel defined on [0, x] x [0, x], x > 0. Let T 
be a number between 0 and x; i.e., 0 < T < x. We define the operator K(T) 
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on C”[O, x] the space of real valued continuous functions on [0, x] by the 
formula 
(K(T) u) (t) = s: k(t, T) U(T) dr. (1) 
For T = 0, we define K(0) as 0. We consider C”[O, x] as a Banach space 
equipped with the norm 
THEOREM I. The family of operators K(T), 0 < T < x is strongly FGchet 
dzj%rentiabZe on(0, x). K(T) is strongly continuous on [0, x] and s-limr,, KT( T) 
and s-lim,, K,(T) exist. 
Proof. We will prove the differentiability of K(T) on (0, x). The other 
parts of the theorem are established similarly. In fact, we will show that 
(K,(T) 4 (0 = W, T) u(T). (2) 
Now let T E (0, x) and take h > 0 so that (T + h) E (0, x). Then 
[MT + h) - K(T) - hK,(T)) 4 (t) 
= s”” k(t, T) U(T) dT - l’k(t, T) U(T) d7 - hk(t, T) u(T) 
0 0 
s 
T+h 
= [W, 4 4~) - 44 T) 4T)l dT 
T 
= s”” k(t, T) [U(T) - u(T)] d7 + s:‘” [k(t, T) - k(t, T)] u(T)dr. 
T 
Therefore 
II[W” + h) - KG“) - &WI WI G l h + h II u II E 
where 
and h is chosen small enough so that 
T,pF+h, I 4’) - u(T)I and 
This and a similar demonstration for h < 0 shows that K(T) is strongly 
differentiable in T. Q.E.D. 
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Now assume that T E (0, x) is such that (I - K(T))-l exists, where I is 
the identity operator on C”[O, x]. By Fredholm theory, the set of such T’s 
is open in (0, x) and includes an interval [0, cz], 01 > 0. 
DEFINITION. Let (I - K(T))-l exist. The operator (I- K(T))-l K(T) 
is called the Fredholm resolvent of K(T). 
THEOREM II. Let UC (0, x) be the set where (I - K(T))-l exists. Then 
R(T) z (I - K( T))-l K(T) is strongly dz$ferentiable on U and 
l+(T) u = (I - K( T))-l K7( T) (I - K( T))-l K(T) u 
+ (I- K(T))-l (G-(T) 4. (4) 
Proof. The proof follows from the fact that the mapping 
F(A) = (I - g-1 A 
is differentiable on L(X) with differential 
dF,(B) = (I - A)-l B + (I - A)-l B(I - A)-l A, 
and a version of the composite function theorem [S]. 
(5) 
Q.E.D. 
COROLLARY. 
W”) u = (I+ R(T)) G-0”) [(I + W)) 4. (6) 
Proof. This follows immediately from the theorem using the fact that 
(I - K( T))-l = I + R(T). (7) 
Q.E.D. 
Now it is well known from the theory of Fredholm integral equations that 
(R(T) u) (t) = f:R(t, 7, T) ~(7) dT, (8) 
where R(t, 7, T) is the resolvent kernel of h(t, T), and is given by 
where 
R(t, 7, T) = o(t, 7, W(T), (9) 
d(T) = 1 + c ((- l>“&)/n! , 
n>l 
(10) 
o(t, 7, T) = h(t, T> + c ((- 11% %(t, 7, T>)/n! , (11) 
n>l 
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and 
A,, = ’ ... 
s s 
’ det{k(ti , tj)} dt, --a dt, , 
_o 
n-times 
(12) 
and 
... k(t, tn) 
... k& , t,) 
dt, a.. dt, . (13) 
We now use this fact to translate (6) into an equation for the kernel R(t, 7, T). 
The resulting form is the Bellman-Krein formula. 
THEOREM III. The operator R(T) is strongly d#etwatiable on its domain 
of existence and 
(R,(T) u) (t) = R(t, T, T) u(T) + J‘: W, 7, T) 44 dT. (14) 
Proof. The first part of the theorem has been proved above. Equation 
(14) follows along the lines of Theorem I. The details are left to the reader. 
THEOREM IV (Bellman-Krein). On its domain of existence R(t, 7, T), 
satisfies the differential equation 
RT(t, T, T) = R(t, T, T)R(T, T, T). (15) 
Proof. From Theorem I we get that 
R(T) [K,(T) ~1 (t) = j: R(C 7, T) 47, T) u(T) d7, (16) 
and 
Also, 
KT(T) [R(T) 4 0) = W, T) jr V, 7, T) u(T) dT. (17) 
WY G-(T) [NT) ~1 (t> =[-: W, s, T) k(s, T) ds] [jr W", 7~ T) 4') dT] 
(18) 
Using the fact that 
s 
T R(t, s, T) k(s, T) ds = R(t, T, T) - k(t, T), 
0 
(1% 
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the right-hand side of (18) becomes 
R(t, T) j’ R( T, T, T) U(T) dr - k(t, T) jr R( T, T, T) U(T) d7. (20) 
0 
Using (17), (18) (20) and (14) in (6) gives 
R(4 T, T) 4 T) + jr h-(4 7, T) U(T) dT 
= h(t, T) u(T) + u(T) jr R(t, 7, T) &, T) dT 
(21) 
+ R(t, T, T) j+‘> T, T) U(T) dT - k(t, T) j: R(T, T, T) u(T) dT 
= u(T) [- h(t, T) + R(t, T, Tll + u(T) 44 T) 
+ R(t, T, T) j: R(T, 7, T) u(T) dT- 
Therefore, 
s 
a. R,(t, T, T) U(T) dT = j’ R(t, T, T) R(T, 7, T) U(T) dr. (22) 
0 0 
Since (22) is true for every u(t) E CO[O, X] we get that 
R,.(t, 7, T) = R(t, T, T) R(T, 7, T). 
This is the Bellman variational formula. Q.E.D. 
A related functional analytic proof of this result was given by Bellman in 
his book [2]. However, he used a variational method based on the explicit 
use of symmetric kernels. In our proof no use was made of symmetry. We 
will now use the above approach to derive variational formulas for the Fred- 
holm determinants given by Eqs. (10) and (11). 
We first observe that both d(T) and o(t, T, T) are continuously differen- 
tiable in T E (0, x). We now also make the further assumption that the set 
of points in (0, X) where d(T) = 0 is finite. 
THEOREM V. Under the above conditions D(t, T, T) satisfies the daJ%re-ntial 
equation 
d(T) W, 7, T) = d,(T) D(t, 7, T) + W, T, T) W, 7, T). (23) 
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Proof. By the assumptions on d( 2’) it suffices to prove the theorem on the 
set where d(T) # 0. On this set we get that 
d(T) R(t, 7) T) = D(t, 7, T). (24) 
Differentiate both sides of (24) to get 
f&(T) q4 7, T) + d(T) &-(f, 7, T) = DT(4 Q-, T) (25) 
Using (15) in (25) gives 
Multiply both sides of (26) by d(T) and use (24) to get 
d(T) D&, 7, T) = d,(T) D(t, 7, T) + D(t, T, T) W”, 7, T). 
Q.E.D. 
To free Eq. (23) of the derivative of d(T) we now obtain a formula for it 
in terms of D(t, 7, T). To do this we use the functional analytic approach 
developed above. Therefore, for sufficiently small T we consider the operator 
l%u - I) g iven by the power series expansion 
log(l - K(T)) = - c K(T)+. (27) 
?I>1 
For sufficiently small T, this series is uniformly convergent, and is represented 
by the continuous kernel 
L(t, 7~ T) = - c (l/n) k,(t, 7, T), 
?l>l 
where 
k,(4 ‘-1 T) = k(t, T), 
and for 71 > 1 k,(t, 7, T) is given recursively by the formula 
(28) 
(29) 
k&, 7, T) = s 
’ k(t, s) k,-,(s, 7, T) ds. (30) 
0 
For a given kernel k(t, T) define its trace by 
tr[/z(t, T)] = j: k(T, T) do. 
By the uniform convergence of the series (28) for small T we get that 
tr[L(C 7, T)] = - c (l/n> (tr[k,(t, 7, TN). (31) 
?I>1 
Now consider 
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d(T) = exp tr[L(t, T, T)]. (32) 
By a classical theorem in Fredholm theory [7], d(T) = d(T) for sufficiently 
small T. We will now use this representation of d(T) to obtain a formula for 
the derivative of d(T). 
To continue, we must extend the definition of trace to operators like 
K,(T). We do this by the use of the Dirac delta function. Since 
(G-(T) 4 (4 = W, T) u(T), 
we represent this operator by the generalized function k(t, 7) 6( T - 7). 
That is 
(K,(T)u) (t) = f:k(t, r)S(T - ~)u(T)~T = k(t, T)u(T). (33) 
The trace of K(t, T) 6(T - T) is now given by 
tr[h(t,T) 6(T - T)] = j"'k(~,T)a(T - .)dT = K(T, T). 
0 
Now the operator log(1 - K(T)) is strongly differentiable and 
(34) 
I3 1ogV - WOIT = - c (l/n) [W(T))n]T . (35) 
Now 
so that 
f&B1 
n-1 
[K(T)"], = c K(T)"K,(T)K(T)n-k-l, 
k=O 
[tr(K( T))%lT = tr[(K( T)n)T] = tr [y K( T)kKT( T)K(T)n-k-l] 
k=O 
= ntr(K( T)n-lKT(T)), (36) 
since tr(A(T) B(T)) = tr(B(T) A(T)). Therefore, the right-hand side of 
(35) b ecomes 
- C WW)” G(T)) 
?l>l 
= - tr [%&K( T)"K,(T)] = - tr[(I - K( T))-lK,(T)] (37) 
= - tr[V + W)) JG(T)l = - tr[G(T) + Wi”) K,(T)]. 
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Using (37) we get that 
d,(T) = - tr[G(T) + R(T) G-(T)] d(T). (38) 
From (16) we get that 
tr[R( 7’) Kr( T)] = f: R( T, 7, T) k(~, T) d7. 
Therefore, 
(3% 
(40) 
= - [k(T, T) + R(T, T, T) - k(T, T)] d(T) = - D(T, T, T). 
If the kernel k(t, T) is analytic, we can now conclude that (38) holds for all 
T E (0, x). If not, we can extend formula (32) by the use of the functional 
calculus as in [4] to conclude that (40) holds in the general case. We summarize 
our results in the following theorem. 
THEOREM VI. Let K(t, T) be a continuous l&me2 on [0, x] x [0, x], such that 
(TE [0, x] 1 d(T) = 0} is Jinite. Then the pair (D(t, T, T), d(T)) satisfies the 
initial value problem, 
d(T) D& 7, T) = - D(T, T, T) D(t, 7, T) + D(t, T T) W, 7, T), (41) 
o(t, 7, 0) = 1, d(0) = 1. (42) 
Q.E.D. 
Theorem VI is the desired generalization of the Bellman-Krein formula 
of Theorem IV. 
In future work we will apply the above theorem to the invariant imbedding 
numerical method. 
CONCLUSIONS 
We have generalized the Bellman-Krein formula for the variation of the 
resolvent kernel as a function of interval length to a pair of similar formulas 
for the variation of the Fredholm determinants associated with the resolvent. 
In future work we plan to utilize these formulas to develop methods of 
continuing the solution of integral equations past critical lengths and similarly 
for the development of algorithms to compute spectral properties of integral 
operators [3, 4, 91. 
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